The solution of the one-dimensional Klein-Gordon equation with the energy M or −M is called as a half bound state if it is finite but does not decay fast enough at infinity to be square integrable.
Introduction
The Levinson theorem [1] , an important theorem in quantum scattering theory, established the relation between the total number of bound states and the phase shift at zero momentum. During the past half century, the Levinson theorem has been proved by several authors with different methods, and generalized to different fields .
The Klein-Gordon equation, which describes the motion of a relativistic scalar particle, is a second-order differential equation with respect to both space and time. When there exists a potential as the time component of a vector field, the eigenvalues for the Klein-Gordon equation are not necessary to be real and the eigenfunction satisfy the orthogonal relations with a weight factor [38, 39] such that a parameter , which is not always real, appears in the normalized relation with a weight factor. As pointed out by Pauli and Snyder et al. [38, 39] , after Bose quantization those amplitudes with real and positive describe particles, and those with real and negative antiparticles.
Recall that in the three-dimensional spaces, two methods were used to set up the Levinson theorem for the a e-mail: dongsh@phys.ksu.edu Klein-Gordon equation. One was relied on the Green function method [5] , where some formulas are valid only for the cases without complex energies. The other was based on a modified Sturm-Liouville theorem [9] , by which the Levinson theorem for the Klein-Gordon equation was established for the cases even with complex energies. Furthermore, the Levinson theorem for the two-dimensional Klein-Gordon equation has been established by the SturmLiouville theorem [27] .
With the wide interest in lower-dimensional field theory recently, it is worthwhile to study the Levinson theorem for the one-dimensional Klein-Gordon equation besides the study both in two dimensions and in three dimensions for completeness. Besides, it is found that the direct or implicit study of the one-dimensional Levinson theorem for the Schrödinger equation [16, [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] has attracted much more attention than that of the twodimensional and three-dimensional spaces. Moreover, the Levinson theorem for the one-dimensional Dirac equation has been established by the Green function method [23] . Therefore, we now attempt to set up the Levinson theorem for the Klein-Gordon equation in one dimension, which is the purpose of this paper. This paper is organized as follows. In Section 2, we first review the properties of the Klein-Gordon equation,
160
The European Physical Journal D especially those related with the parameter . In Section 3, it is proved that the difference between the number of bound states of particle and that of antiparticle relies only on the changes of the logarithmic derivatives of the wave functions at E = ±M as the potential V (x) changes from zero to the given value. In Section 4, it is turned out that these changes are associated with the phase shifts at E = ±M which then leads to the establishment of the Levinson theorem for the one-dimensional Klein-Gordon equation.
The Klein-Gordon equation
Throughout this paper the natural units = c = 1 are employed. Consider a relativistic scalar particle satisfying the Klein-Gordon equation
where M and E denote the mass and the energy of the particle, respectively. For simplicity, we first discuss the case with a cutoff potential
where x 0 is a sufficiently large distance. Following the method in [24] [25] [26] , the conclusions also hold if the potential vanishes faster than x −2 at infinity. Introduce a parameter λ for the potential V (x)
where the potential V (x, λ) changes from zero to the given potential V (x) as λ increases from zero to one. On introducing the parameter λ, the one-dimensional KleinGordon equation can be modified as
For the symmetric potential, the eigenfunction can be combined into those with a definite parity, which satisfies the following boundary conditions in the origin
= 0 for the odd-parity case
E (x, λ) ∂x x=0 = 0 for the even-parity case.
We therefore only need to discuss the wave function in the range [0, ∞) with the given parities, even parity case and odd parity one, respectively. Denote by ψ * E (x, λ) the solution of equation (4) corresponding to the energy E
Multiplying equations (4, 6) by ψ * E (x, λ) and ψ E (x, λ), respectively, and calculating their difference, we obtain
It is well-known [38, 39] that, due to the so-called Klein paradox, the eigenvalues are not necessarily real for some potential V (x). Integrating equation (7) over the whole space and noting that
vanishes both in the origin and at infinity for the physically acceptable solutions with the different energies E and E, we obtain the weighted orthogonality relation for the radial function
Actually, we can always obtain the real solutions for the real energies. It is easy to find from equation (8) that the normalized relation for the solutions with real energies are not always positive on account of the weight factor
which implies
The parameter E , which depends on the particular radial function ψ E (x, λ), may be either positive, or negative, or vanishing. Normalized factors of the solutions cannot change the sign of E . Generally, if ψ E (x, λ) is a complex solution of equation (4) with a complex energy E, then ψ * E (x, λ) is also a solution with a complex energy E * , and a complex E appears for a pair of complex solutions. It is evident after Bose quantization that those ψ E (x, λ) with positive E describes particles and those with negative E antiparticle. The solution with zero E can be regarded as a pair of solutions with infinitesimal ±| E |, which describe a pair of the particle and antiparticle bound states. The Hamiltonian and charge operator cannot be written as the diagonal forms for the solutions with complex E , they therefore describe neither particles nor antiparticle. In the present paper, we only count the number of bound states with the real E , which are named particle and antiparticle bound states, respectively.
Since we can always obtain the real solution for the real energy, we now solve equation (4) in two regions and
